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A NOTE ON BICOMPLEX FIBONACCI AND LUCAS NUMBERS 


SEMRA KAYA NURKAN AND ILKAY ARSLAN GUVEN 


Abstract. In this study, we define a new type of Fibonacci and Lucas num¬ 
bers which are called bicomplex Fibonacci and bicomplex Lucas numbers. We 
obtain the well-known properties e.g. D’ocagnes, Cassini, Catalan for these 
new types. We also give the identities of negabicomplex Fibonacci and negabi- 
complex Lucas numbers, Binet formulas and relations of them. 


1. Introduction 

Fibonacci numbers are invented by Italian mathematician Leonardo Fibonacci 
when he wrote his first book Liber Abaci in 1202 contains many elementary prob¬ 
lems, including famous rabbit problem. 

The Fibonacci numbers are the numbers of the following integer sequence; 

1,1,2,3,5,8,13,21,34,55,89,... 

The sequence of Fibonacci numbers which is denoted by F n is defined as the linear 
reccurence relation 

F n = F n -1 + F n -2 

with Fi = F 2 = 1 and n £ Z. Also as a result of this relation we can define 
Fq = 0. Fibonacci numbers are connected with the golden ratio as; the ratio of two 
consecutive Fibonacci numbers approximates the golden ratio 1,61803399.... 

Fibonacci numbers are closely related to Lucas numbers which are named after 
the mathematician Francois Edouard Anatole Lucas who worked on both Fibonacci 
and Lucas numbers. The integer sequence of Lucas numbers denoted by L n is given 
by 

2,1,3,4,7,11,18,29,47,... 
with the same reccurence relation 

L n = L n —i + L n —2- 

where Lq = 2, L\ = 1, L 2 = 3 and n £ Z. 

There are many works on Fibonacci and Lucas numbers in literature. The prop¬ 
erties, relations, results between Fibonacci and Lucas numbers can be found in, 
Dunlap [3], Koshv[T3]. VajdapfO], Verner and Hoggatt [H] . Also Fibonacci and Lu¬ 
cas quaternions were described by Horadam in [9], then many studies related with 
these quaternions were done in Akyigit |T| , Halici El, Iyer m, Swarny [TUj . 

Corrado Segre introduced bicomplex numbers in 1892 m- The bicomplex num¬ 
bers are a type of Clifford algebra, one of several possible generalizations of the 
ordinary complex numbers. The complex numbers denoted as C are defined by 

C = {a + bi | a, b € R and i 2 = — l} . 
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The bicomplex numbers are defined by 

C 2 = {zi + z 2 j | z 1; z 2 £ C and j 2 = -1} . 

Since zi and z 2 are complex numbers, writing zi = a + bi and z 2 = c + di gives 
us another way to represent the bicomplex numbers as; 

zi + z 2 j = a + bi + cj + dij. 

where a, b,c,d £ K.. Thus the set of bicomplex numbers can be expressed by 

C 2 = {a + bi + cj + dij | a, 6, c, d £ R. and i 2 = — 1, j 2 = —1, ij = ji = fc} . 

For any bicomplex numbers x = cii + b\i + c\j + d\ij and y = a 2 + b 2 i + c 2 j + d 2 ij , 
the addition and multiplication of these bicomplex numbers are given respectively 

by 

(1.1) x + y = (ai + a 2 ) + (6i + b 2 )i + (ci + c 2 )j + (di + d 2 )ij 

and 

x x y = (aia 2 — bib 2 — c\c 2 ~ d\d 2 ) + (a\b 2 + bia 2 — c\d 2 ~ d\C 2 )i (1.2) 
+(aic 2 + cia 2 — b\d 2 — d\b 2 )j + (aid 2 + d±a 2 + &ic 2 + c\b 2 )ij. 

The multiplication of a bicomplex number by a real scalar A is given by 

Xx = Aai + Xb\i + Acij + \d\ij. 

The set C 2 forms a commutative ring with addition and multiplication and it is a 
real vector space with addition and scalar multiplication [i TBI . 

In C, the complex conjugate of z = a + bi is z = a — bi. In C 2 , for a bicomplex 
number x = (ai + bii) + (ci + d\i)j, there is there different conjugations which are; 

x* = [(ai + b\i) + (ci + d\i)j} = (ai - bii) + (ci - d\i)j 

x° = [(ai + hi) + (c-l + dii)j]° = (ax + hi) - fa + dii)j (1.3) 

x* = [(ai + hi) + (ci + dii)j] = (ai - hi) ~ (ci - d\i)j 

H23- Then the following equation are written in mi; 

xxx * = (a 2 + b\ — c 2 — d 2 ) + 2(aici + hdi)j 

x x x° = (a\ — b\-\-c\ — d\) + 2(a\bi + c\di)i (1.4) 

x x x^ = (a 2 + b 2 + c\ + d\) + 2(aidi — hd)ij. 

Also in HU, the modulus of a bicomplex number x is defined by 


Mi 

= \J X X x* 

1*1 i 

= \jx X X° 

A k 

= \/lXlt 


\x\ = WRe(a; x ad) 


where the names are i— modulus, j— modulus, k —modulus and real modulus, re¬ 
spectively. 

Rochon and Shapiro gave the detailed algebratic properties of bicomplex and 
hyperbolic numbers in El- The generalized bicomplex numbers were defined by 
Karaku§ and Aksoyak in m , they gave some algebratic properties of them and used 
generalized bicomplex number product to show that R 4 and were Lie groups. 
Also Luna-Elizarraras et al |14] , introduced the algebra of bicomplex numbers and 
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described how to define elementary functions and their inverse functions in that 
algebra. 

In this paper, we define bicomplex Fibonacci and bicomplex Lucas numbers 
by combining bicomplex numbers and Fibonacci, Lucas numbers. We give some 
identities and Binet formulas of these new numbers. 

2. Bicomplex Fibonacci Numbers 

Definition 1: The bicomplex Fibonacci and bicomplex Lucas numbers are de¬ 
fined respectively by 

(2.1) BF n = F n F F n +\i F F n+2 j + F n + 3 k 
and 

(2.2) BL n = L n F L n+ ii F L n+2 j + L n+3 k 

where F n is the n th Fibonacci number, L n is the n th Lucas number and i,j,k are 
bicomplex units which satisfy the commutative multiplication rules: 

•2 i -2 -i / 2 -i 

l 1? J 15 ^ 1 

ij = ji = k, jk = kj = —i, ik = ki = —j. 

Starting from n = 0, the bicomplex Fibonacci and bicomplex Lucas numbers can 
be written respectively as; 

BFq = 1 i+ 1 j + 2k, BF\ = 1 + li + 2j + 3k , BF 2 = 1 + 2i F 3j + 5k,... 

BLq = 2 + li + 3 j F 4 k , BLi = 1 + 3i + 4j + 7k , BL 2 = 3 + 4i + 7j + Ilk,... 

Let BF n — F n -\-F n j t ii-\~F n ^. 2 j-\-F n j r ^k and BF m = F rn -\-F rn j r \i-\-F m j t2 jFF va ^.^k 
be two bicomplex Fibonacci numbers. By taking into account the equations (1.1) 
and (1.2), the addition, subtraction and multiplication of these numbers are given 
by 

BF n ± BF m = ( F n ± F m ) + ( F n+1 ± F m+ 1) i + ( F n+2 ± F m+2 ) j + (F n+3 ± F m+3 ) k 
and 

BF n x BF m = (F n F m — F n+ iF m+ i — F n+2 F m+2 + F n+ ^F m+ ^) 

T (ln.lm+i T F n +iF m F n j r2 F m +3 F F n+3 F m+2 )i 
+ ( F n F rn j r2 F F n j r2 F rn F n ^-\F rn ^. 3 ^n+3^m-f-l) j 

+ (B n Fm +3 + Fn+zFm + F n +iF m + 2 + F n+2 F m +\) k. 

Definition 2: A bicomplex Fibonacci number can also be expressed as BF n = 

( F n F F n+l i) F (F n+ 2 + F n+3 i) j. In that case,there is three different conjugations 
with respect to i, j and k; for bicomplex Fibonacci numbers as follows: 

BF n = [( F n + F n+ ii) F (F n+2 + F n+3 i) j) = ( F n — F n+ ii) F (F n+2 — F n+3 i) j 

BFn = [(F n F F n+ ii ) + {F n+2 F F n+3 i) jY = (F n F F n+1 i) — ( F n+2 F F n+3 i) j 

BF n = [( F n F F n+ \i) F (F n+2 + F n+3 i) j) k = ( F n — F n+ \i) — ( F n+2 — F n+3 i) j. 
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By the Definition 2 and the equations (1.4) and (2.1), we can write 
BF n X BF n = (i^n+l — Bzn+l) + 2 (-F 271 + 3 ) j 

BF n x BF n = [F n — F n+1 + F n+3 — F n+4 ) + 2 (F n F n+ \ + F n+2 F n+3 ) i 

BF n x ~BF^ k = (F 2n+1 +F 2n+7 ) + 2(-l) n+1 k. 

Definition 3: Let a bicomplex Fibonacci number be BF n = F n + F n+ \i + 
F n+2 j + F n+3 k. The i—modulus, j—modulus, k— modulus and real modulus of BF n 
are given respectively as; 

\BFnl = \]BF n X BF? 

\BF n \j = \JBF n X BK j 

\BF n \ k = yjBF n x BK* 

\BF n \ = 1 / F 2n+ i + F 2n+7 . 

In [T5], we proved some summation equations by supposing, for i > 0 


M M 

(2.3) 'y ( OL vn F vn j r j H~ ^ ( P mBm+i — 0 

m =0 m=0 

where a m and /3 m are fixed numbers. 

By using the equations (2.1), (2.2), (2.3) and taking i = 0,1,2,3, we can write 
the following equation clearly; 

M M 

(2.4) CXmBF m + \PmBLm = 0 

m =0 m —0 

Now let us give theorems which give some properties. 


Theorem 1. Let BF n and BL n be a bicomplex Fibonacci and a bicomplex Lucas 
number, respectively. For n > 0 , the following relations hold: 

1) BF n + BF n+ 1 = BF n+2 

2) BL n + BL n+ i = BL n+2 

3) BL n = BF n _i + BF n+ i 

4) BL n — BF n+2 — BF n _ 2 

5) BF% + BF% +1 = BF 2n+ i + F 2n+2 + F 2n+3 — 3iF 2n+5 — jF 2n+ Q + 3kF 2n+i 

6) BF% + 1 — BF%_ 1 = 2BF 2n + F 2n+ 4 + F 2n _i + 2 (— F 2n +$i — F 2n +4.j + F 2n+3 k) 

7) BFnBFm ~h B F n +\B F m +\ = 2BF n + rn 4-\ T 2F 1 n -)- m -)-4 Fn+m+i 2F n + m + 3 i 

2F n + m +5j 2F n + rn +4k 

8) BF n - BF n+ ii + BF n+2 j - BF n+3 k = -5 F n+3 

Proof. By using the equations of (2.1), (2.2), (2.4) and taking appropriate fixed 
numbers in the equation (2.4), the proofs of 1), 2), 3), 4) are clear. 

5) , 6) , 7), 8) From the definition of Fibonacci number , the bicomplex Fibonacci 
number in (2.1) , the equations F% + F% +1 = F 2n+ 1 , F% +1 — F^_ x = F 2n and 
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FnFm + -^n+l-^m+1 — -^n+ra+1 (SGG Vcijdci |20|), WG gGt 
BFn + BF^ +1 = ( F n + F n +\i + fn+2j + F n+ ^,k) 

+ (F n +1 + F n+ 2 * + F n+ sj + F n+ 4k) 

F2n+3 + 2 ( F n F n+ i — F n+ 2F n+ 3) i + 

2 (F n F n+ 2 — F n+ iF n+ 3 ) j + 2 ( F n F n+ 3 + fn+ifn+ 2 ) k 

F2n+5 + 2 (fn+lfn+2 — F n+ 3 F n+ 4 ) 1 

+2 (fn+l-Fn+3 — F n+ 2F n+ 4) j 
+2 (fra+l-Pn+4 + F n+ 2 fn+ 3 ) & 

-F2n+1 + -^271+2* + f2ra+3j + F2n+4,k + -p2n+2 

+-F 2 TI +5 — 3F 2n+5 i — f 2 „+ 6 j + 3f 2 „+4/c 
BF 2 n+\ + f 2 ra+2 + ^2n+5 — 3*f 2n +5 — j-p2ra+6 + 3&f 2 „,+4- 


5f„ 2 +1 - BF^_ 1 


(fra +1 + f ra +2* + fra+3,7 + fra+4fc) 

— (fra —1 + f n * + fra+lj + F n 4 - 2 k) 

F2n+5 + 2 (fn+lfn+2 — fra+3-^ra+4) *+ 

2 (fra+1 fra+3 fra+2fra+4) j 
+2 (fra+1 fra+4 + fn+2fn+3) 

f2n+l + 2 (F n _iF n — F n+ iF n+ 2) i 

+2 (fra-lfra+1 ^ fra fn+ 2 ) j 
+2 (fn-lfra+2 + frafra+l) k 

= 2B f 2 „ + f 2 ra+4 + f2ra-l + 2 (— f 2ra +5* ~ f2ra+4j + f2ra+3&) 


BF n BF m + BF n+ iBF m+ i — (f n + f n +i* + f, 


(fra + fra+1* + fra+2j + fra+3^) 

■(frra f fyra+1* f fm+2,) “t” fm+3^) 

+ (fra+1 + fra+2* + F n+ sj + fra+4^) 

■ (fm+1 f fm+2* d~ fm+3^ d" frra+4^) 

+m+l d - fra+m+2* d” fra+rra+37 d~ fra+m+4^) 
, ra+m+4 fra+m+1 2f n +rra+6* 
n+m+5d d - 2fn+rai+4^ 
t+m+1 d" 2fn,+rai+4 fra+m+1 2f n + Tn +6* 


2 (fra 

+2f r 
—2f, 
2BF, 


-2f 


'ra+m+5j d - 2f n +m+4^ 


and 

BF n — BF n+ \i + BF n+ 2j — BF n+ ^k = (F n + f n +i* + fn+2j + F n+ ^k) — 

(fra+1 + fra+2* + F n+ zj + f„+ 4 fc) * 

+ (fra+2 + fra+3* + fra+4.7 + F n+ $k) j 
~ (fra+3 + fra+4* + fra+5j + fra+6&) & 
— fra d" fra+2 -A+4 


fra+4 — f 


ra +6 


“5fn+3- 


□ 
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Theorem 2. Forn,m > 0 the D’ocagnes identity for bicomplex Fibonacci numbers 
BF n and BF m is given by 


BF m BF n+ 1 -BF m+ 1 BF n = (-1)" BF m _ n +{-l ) n+1 


Fm—n " 1 “ Bm—n+li 
{Bm—n— 2 T 2 F m _„ + 2 ) j 
“t ~‘^F rn _ n _ik 


Proof. If we decide the equation (2.1) and the D’ocagnes identity for Fibonacci 
numbers F m F n+ x — F m+ xF n = (—1 f F m _„ (see Weisstein [22] ), we obtain the 
following calculations as; 


BF m BF n+ i — BF m+ iBF n 


(F rn F m +ii T Fm^j F F rn + 3 k) (F n -\-i + F n + 2 i 
FF n + 3 j + Fn+ 4 k) — (F m +1 + F'm+ 2 'i F F m + 3 j 
FF m+ ^k) ( F n + F n+ \i + F n+2 j + F n+ 3 k) 

\F n +2 (Fm F F m+ 4 ) - F m+ 2 (F n F F n+ 4 )] i 
+ [2 (—1) (F m - n -2 F fm-n+ 2 )] j 

+ [(— 1) (fm-n-2 + fm-n+ 2 )] ^ 

+ (-1)” BF m _ n - (-1)" BF m - n 
(-1 ) n BF m _ n 

( Fm—n “b Fm—n+li \ 

— (.Fm—n —2 + 2 F m - n+ 2 ) j I ■ 
F2F m ~ n -xk ) 


□ 


Theorem 3. If BF n and BL n are bicomplex Fibonacci and bicomplex Lucas num¬ 
bers respectively, then for n > 0, the identities of negabicomplex Fibonacci and 
negabicomplex Lucas numbers are 

BF- n = (-if +1 BF n F (-1)” Ln (i + j + 2k) 

and 

BL- n = (-1)" BL n + (-If +1 5 F n (i + j + 2k) 

Proof. From the equations (2.1) and the identity of negafibonacci numbers which 
is F- n = (—if +1 F n (see Knuth [12] , Dunlap [3]), we have 

BF- n = F-n F F-n+li F F- n + 2 j F F- n+3 k 

= F-n + F_( n _i)i + F- {n -2)3 F F_( n —3) k 
= (-1)” +1 F n F (-If F n -!i F (-l) n+1 F n - 2 j + (-1)" F n - 3 k 
= (—1) + ( F n F F n +\i + F n+2 j F F n + 3 k) — (—1) + F n +ii 
- (-if +1 F n+ 23 - (-if +1 F n+3 k + (-1)” Fn-xi 
+ (—1 )" +1 F n - 2 j F (—1)" F n - 3 k 
= (-If +1 BFn F (-1)" (Fn+1 F Fn-x) i 

+ (-if (F n+2 - F n — 2 ) j F (-If (Fn+ 3 + Fn- 3 ) k 

In this equation , we take into account that F n -x F F n +x = L n , F n + 2 — F n - 2 = 
L n , F n+3 + F n - 3 = 2L n (see Vajda [ 20 ]) and the identity of negalucas numbers 
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L- n = (—1)” L n (see Knuth 12] ,Dunlap [3]), thus we obtain; 

BF_ n = (—l ) n+1 BF n + (—1)" L n i + (—1)" L n j + (—l) n 2L n 
= (- l) n+1 BF n + (-l) n L n {i+j + 2k ) 

Now by using the equation (2.2) and the identity of negalucas numbers, we get 


BL- n — L-n + L- n+ ii + L- n+ 2j + L- n + 3 k 

= L- n + L_(n_i)i + L_ {n _ 2) j + L_( n _3)fc 

= (—1) L n + (—1) L n -ii + (— 1 ) L n - 2 j + (—1) L n - 3 k 

= (~ 1) ( L n + L n+ ii + L n+2 j + L n+3 k) — (— 1) L n -\-\i 


(-1)” L n+2 j - (-1)” i„ +3 fc + (-If 1 L n -\i + (- 1 )" L n - 2 j 
+ (—1) L n — 3 k 

{-l) n BL n + {~l) n+1 


{L n +1 + L n —\) i 

+ (in +2 — L n - 2 ) j + (L n+ 3 + L n - 3 ) k 


Here if we use the identity L m + n + L m - n = 


5 F m F n if n is odd 


(see Koshy, 


L m L n otherwise 

[13]). namely L n -\ + L n+ 1 = 5F„ , the definition of dual Lucas number and the 
identity of negafibonacci number in last equation, we complete the proof as; 


BL- r 


= (-1)" BL n + (-1 )" +1 5 F n i + (-l ) n+1 5 F n j + (-l) n+ 1 10F„fc 
= (-1)" BL n + (-1 )" +1 5 F n (■i + j + 2k) 


□ 


The Binet formulas for Fibonacci and Lucas numbers are given by (see Koshy, 

S3!) 


where 


a n - B n 

F n = - tL. and L n = a n + /T 


l + y/5 , a l-y/5 

a = —-— and p = —-—. 


Theorem 4. Let BF n and BL n be bicomplex Fibonacci and bicomplex Lucas num¬ 
bers, respectively. For n > 0 , the Binet formulas for these numbers are given 
as; 


BFn 


aa n - p/3 n 
a — ft 


and 


BLn = aa n + f3/3 n 


where a = 1 + ia + ja 2 + ka 3 


and ft = 1 + i/3 + j/3 2 + k/3 3 . 
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Proof. By using the Binet formulas for Fibonacci and Lucas numbers, taking a = 
1 + ia + jo? + ka 3 and /3 = 1 + i/3 + j/3 2 + k/3 3 , we find the result clearly as; 


BF n — F n + F n+ ii + F n+2 j + F n+ sk 


v n +! 


on+1 


v™+ 2 


371+2 


v n+3 


on+3 


-i + ■ 


-i + 


a — p a — p a — f3 ' a — , 

(l + fa + ja 2 + fca 3 ) — /?” (l + i/3 + jf3 2 + fc/3 3 ) 


a — fi 


aa n — f3(3 r ‘ 


a — 


and 


BL n — 


L n + L n+X i + L n+2 j + L n+ 3 /c 
a” + /3" + (a n+1 + /3" +1 )i + (a n+2 + /3 n+2 )j + (cr 
a n (l + ia + ja 2 + ka 3 ) + /3 n (l + i/3 + j/3 2 + k/3 3 ) 
aa n +-p/3 n . 


+ p n+3 )k 


□ 


Theorem 5. Let BF n and BL n be bicomplex Fibonacci and bicomplex Lucas num¬ 
bers. For n > 1 ,the Cassini identities for BF n and BL n are given by; 

BF n+1 BF n _i — BF 2 = 3 (-1)” (2 j + k ) 

and 

BL n+1 BL n _ x - BL\ = 5(—l)"” 1 (2 j + k) 

Proof. From the equation (2.1), we have 

BF n+x BF n — X — BF 2 = (F n + x + F n+2 i + F n+ sj + F n +4k) (F n —1 

+F n i + F n+X j + F n+2 k) 

~ (-Fn + -Fn+l* + F n+2 j + F n+ sk) 2 . 

If we use the identity F m F n+ 1 — F m+ iF n = (—1 ) n F m _ n (see Weisstein [22] ) and 
F_ n = (—l) n+1 F n (see Knuth [12] ) in the above equation , we get 


2 (-l) 


n +2 


3 j 


3 (—1) 


n+2 


BF n +iBF n -i — BF n = 

= 3(-l)"(2 j + k) 

Similarly for bicomplex Lucas numbers we can simply get; 

BL n+ iBL n -i — BL^ = (L n+X + L n+2 i + L n+ ^j + L n+X k) (L n _i 

+L n i + L n+ ij + L n+2 k) 

~ ( L n + L n+X i + L n+2 j + L n+ sk) . 

By using the identity of Lucas numbers which are L n _iL n+ i — L 2 = 5(—l) n_1 (see 
Koshy 13]) and L n+2 = L n+ 1 + L n (see Dunlap J3]) in the above equation, we 
compute the following expression; 


BL n+ iBL n -i — BL 


= = 5(—1)" _1 (1 + e) 
= 5(-l)"- 1 (2i + fc). 


□ 
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Theorem 6 . Let BF n be a bicomplex Fibonacci number. The Catalan’s identity 
for BF n is given by 

BF?-BF n+r BF n _ r = (-lf- r [2 (F 2 _ 2 + F?) j + (F 2 +1 + F?_ 2 - F? - F?_ 3 ) k) . 
Proof. From the equation (2.1), we have 


BF- BF n+r BF n - r = 


n - F * + 1 - F n 2 +2 + F n 2 +3 - F n + r F n - r + 


Fn-\-r-\-lF n —r—l H” -^n+r+2-^n—r+2 -Fn+r+3-^n—r+3 
2-F n F n+ i 2 F n+ 2 F n _|_3 -Fn+r-^n-r+l 

-^n+r+l-^n—r “I - -*n+r+2-*n—r+3 H” -Fn+r+3-Fn—r+2 
2^71-^71+2 2 F n+ iF n+ 3 -Fn+r-^h-r+2 

-^71+ r+2 —r “t“ -rn+r+li'n-r+3 T F n _|_ r _|_ 3 F n _ r _|_i 

2F n F n _j_ 3 + 2F„ + iF„ + 2 F n+r F n _ r+ 3 

M+r|3Ui-r ^n+r+l-^n-r+2 ^n+r+2 Cji-r+l 

Here using the Catalan’s identity for Fibonacci numbers F?—F n _ r F n+r = (—1 ) n ~ r F? 
(see Weisstein [22]) , F 2 +1 — F?_ 1 = F 2n (see Vajda [2D]) and doing necessary cal¬ 
culations, we obtain the result clearly. 

Also by adding and subtracting the term (—1)" r BF?, we can get the result as; 


BF„ - BF n+r BF rl _ r = 


(-I)””’ 

+(-ir 


= (-+ 


[2 (F 2 _ 2 + F?) j + (F 2 +1 + F 2 _ 2 - F? - F?_ 3 ) k] 
BF? - (-lf _r BF? 

2 (F?_ 2 + F?)j 
(F 2 +1 + F?_ 2 - F? - F 2 _ 3 ) k 

BF? — -F2r+3 + 2F 2r .+3i 
+2 (F r + 2 F r _i + F 2r +i) j 
2F r F r +3 + 2F r +iF r + 2 + F? 


\ 


V 


JT'Z _ TTZ _ jtZ 

\^r —3 -*V+1 ^ r — 


r+1 


/ 


□ 
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